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THE MULTIVARIATE NORMAL DISTRIBUTION

We say that the n x 1 random vector x is normally distributed with a mean
of E(x) = p and a dispersion matrix of D(x) = X if the probability density
function is

(17.22)  N(z;p, %) = 2m) I8 P exp{ — 3z —p)S (= —p)}.

It is understood that x is non-degenerate with Rank(X) = n and |X| # 0. To
denote that = has this distribution, we can write = ~ N (u, ).

We shall demonstrate two notable features of the normal distribution. The
first feature is that the conditional and marginal distributions associated with
a normally distributed vector are also normal. The second is that any linear
function of a normally distributed vector is itself normally distributed.

We shall base our arguments on two fundamental facts. The first is that

(17.23) If x ~ N(p,%) and if y = A(z — b) where A is nonsingular, then
y ~ N{A( - b), ASA'}.

This may be illustrated by considering the case where b = 0. Then, according
to the result in (17.8), y has the distribution

N(A y; u, 2)||0x/0y||
= (2m) "R 2 exp { — LAy — ) ST HAT Yy — ) }IATY|
= (2m) "2|ASA |72 exp { — L(y — Ap) (ASA) "My — Ap)};

so, clearly, y ~ N(Au, AXA").
The second of the fundamental facts is that

(17.25) If v ~ N(u,) can be written in partitioned form as
x1 M1 Y1u 0
~ N 9 )
{mJ ({“2] { 0 222})

then x1 ~ N(p1,%11) and x9 ~ N(pg2,X92) are independently
distributed normal variates.

To see this, we need only consider the quadratic form

(z—p)S (@ —p) = (31 — ) S5 (w1 — 1) + (w2 — p2) By (w2 — p2)
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which arises in this particular case. On substituting in into the expression for
N(z, 1, %) in (17.22) and using |X| = |X11]| 22|, we get

N (a5 1, ) = (2m) ™% [8q4 |1/ exp{ — 5(z1 — p1)'S (21 — 1) }
x (2m) 2 oo | T2 exp { — (w2 — p2)' S5y (w2 — p2) }
= N(z1; p1, E11) N (225 pi2, Xo2).
The latter can only be the product of the marginal distributions of x1 and -,

which proves that these vectors are independently distributed.
The essential feature of the result is that

(17.26) If 1 and xo are normally distributed with C(z1,22) = 0, then
they are mutually independent.

A zero covariances does not generally imply statistical independence.

Even when z1, o are not independently distributed, their marginal dis-
tributions are still formed in the same way from the appropriate components
of p and X. This is entailed in the first of our two main results which is that

(17.27) If x ~ N(p,X) is partitioned as
Tl LN (| ’ Y11 X2 ,
T 142 o1 o2

then the marginal distribution of x; is N (u1, X11) and the condi-
tional distribution of x5 given x; is

N (2a|w1; po + Zo1 X7 (21 — p11), Xoa — L1277 212).

Proof. Consider a non-singular transformation

| |1 0>

y2 | | F 1] |a2
such that C'(y1,y2) = C(Fx1+x2,21) = FD(x1) + C(x2,21) = 0. Writing this
condition as F'31; + Y91 = 0 gives F' = —22121_11. It follows that

Bl = H1 . .
Y2 p2 — X1 X5 p |
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and, since D(y1) = 311, C(y1,¥2) = 0 and

D(y2) = D(Fz1 + x2)
= FD(x1)F' + D(z2) + FC(z1,12) + C(w2,21)F’
=218 ST Bi2 + Too — T B T2 — B0 817 Bio
= Yoy — X117 L1,

it also follows that

ply|_ 211 0
Y2 0 Yo — Sy

Therefore, according to (17.25), we can write the joint density function of y;,
Yo as
N (y1; 1, B11) N (y2; p2 — S21 577 11, Do — T21 311 Bi2).

Integrating with respect to y» gives the marginal distribution of 1 = y; as
N(-T1; M1, E11)-

Now consider the inverse transformation x = x(y). The Jacobian of this
transformation is unity. Therefore, to obtain an expression for N (z;u, ), we
need only write yo = x5 — 22121_11901 and y; = x7 in the expression for the joint
distribution of y;,, y2. This gives

N(z; p, ¥) = N(x1; pt1, 311)
X N (g — So1 X1 @1 o — Y1 271 i1, B2 — Y2157, S12),

which is the product of the marginal distribution of x; and the conditional
distribution N(CL'2|$1; H2 — 22121_11 (1’1 — ul), 222 — 22121_11212) of T2 given xI1.

The linear function E(xs|z1) = po — EglEl_ll(ml — p1), which defines the
expected value of xo for given values of x1, is described as the regression of o
on z1. The matrix 22121_11 is the matrix regression coefficients.



